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How many edges must a 3-graph have if, for every k-coloring, there exist a 3-colored edge? 
Exact and approximate values are given for this function of k and of the number of vertices. 
1. Intawktion 
A S-graph (3-uniform hypergraph [ 11) is a pair H = (X, 8) where X is the 
vertex-set, 58 the edge-set. Every edge in % contains exactly 3 vertices. By 
k-coloring of X, we mean that every vertex gets one color, exactly k colors are 
used, and nothing else is required. 
Let %‘(rt, k) be the set of all 3-graphs H = (X, %) having the following property: 
IX1 = n, and, for every k-coloring of X, there exists at least one 3-colored edge in 
8. 
Problem. What is the value of S( tt, k) = Min (ISI I El.= (X, %) E ZiV( n, k))? 
This problem (generalized to r-graphs) was first studied in [2], a general survey 
is given in [5]. In [3] and 141, the following results were proved: 
Theorem 1.1, S(n,3)= [$z(n-2)1,for 3~n~12. 
Thewem 1.2. S( n, 3) = fn(n - 2), for n = 0 or 2 (mod 3). 
It was also conjectured that Theorem 1.1 remains valid for all values of n. This 
conjecture is still open. 
In the present paper, some new results for 3-graphs and k-colorings (k > 3) are 
given. Most of the methods introduced here cannot be extended to r-graphs. 
2. The main lemma 
Let H =(X, 55) be a 3-graph. For every vertex x E X, let %‘(x) = 
{EIE3x.EEZ?)andlet (x) be the (ordinaryj graph whose vertex-set is ,X -{x} 
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and whose edge-set is e (x), with 9(x)= {E-(x) 1 EE g(x)}. Let C,, . . . , CP be 
the connected components of H(x). Wence X -{x) = C, U l l 9 U C,,. 
Let J(x) be the 3-graph whose v\;rt<h-set is X-(x} and whose edge set is 
8 - g(x). Let K(x) be the 3-graph obtained from J(x) by contracting each set C’i 
into a single vertex di: K(x) = (Y, 3) where Y = (d,, . . . , d,) and 
S=((di, di, dk) 1 ifjf kq IEnCil=lEnCil=IEf~C,I= 1, EE 8). 
The following result is fundamental. 
Lemma 2.1 (Main Lemma). Let H E %!‘(n, k), k > 3. Then, for every uertex x of H, 
K(x)E X(p, k - 1). 
Proof. Let us consider a (k - &coloring of Y = (n,, . . . . cl,) using the colors 
1.2,..., k - 1. It induces a k-coloring of X, as follows: every vertex in C’i 
receives the color of di, and x is given a new color k. In this k-coloring of X, no 
edge of 8(x) is 3-colored. Indeed, such an edge meets some Ci in two vertices 
which have the same color. However, since FZ E %‘(n, k). some edge E of H is 
3-colored. Hence, E must be an edge of S(x), and, since it is 3-colored, there 
exists distinct indices i, j4 k such that E meets C’iq C’i and C, in exactly one vertex. 
Then, (di, di. dk) is a 3-colored edge of K(x), q 
Lemmra 2@2. S(ft, k) 3 S(u - 1, k) + 1 (It > k), 
Proof. Let H = (X, 8) E %‘(n, k \ and let /J be the minipLum degree of H: for every 
vertex y, )6e(y)lad; hence @I a$&. Let x be such that l%‘(x)1 = d. The graph 
H(x) has d edges, and, hence, at least n - d - 1 components: p3 n - d - 1. Hence, 
by Lemmata 2.1, and 2.2, M(x) has at least S( y! - d - 1, k - 1) edges (if n - d - 1 < 
k - 1, take this value equal to zero). Hence 
(x)l>d+S(n-d-l&-l). 
Finally. although d can be as large as (“;’ ), it is readily seen that the minimum 
cannot be achieved for cl> n -k. 0 
Let (ck ) be the sequence defined as follows: C~ = $ and ck is the smallest root of 
the equation x = ck _ ,( 1-3x)‘. 
Theorem 3.2. 
S(tt, k)scktt”+ o(n). 
(O(n) is som fhrction dependeftt o t k and at ttiosY linear on n). 
Proof. For k - 3. the theorem was proved in [3] (indeed, if HE %‘(kt, 3) then, for 
every vertex x. H(x) is a connected graph, and l-l has at least $t (rt - 2) edges). Eat- 
k >3. the theorem is proved by induction on k. Indeed, it follows from Theore!m 
3.1 that 
S(f1, k)s Mirr (Nak(~ird;d+ck ,(ti-tI- l)%.j(rr-rl-1)) ~k~1~1t -k 
By the induction hypathesia, 
Proof, The result is obvious for CI = k. By Lemma 2.2 and by induction m II, 
S~rr,k)~w-k+ I for ra 2 k. On the other hand, if n s 2k - 3, one can construct 
t hc followi:lg 3-graph: H - (X, g‘) with X = Y U {x, y,, tl, yz, z2, . . . , y,, z,}, t = 
n--k+ I, ‘YJ=2k-3-n, and $={(X,yirZi)I l~i~t}. It is not difficult to prove 
that H~bg%~,k), hence S(n,k)~n-k+l, for n<22k-3. Cl 
Thfxem 5.1 can be generalized to r-graphs; for 3-graphs the condition 
’ I rl 6.. - 3 is best possible. 
hacwem 5.2. S(2k - 2, k) = k. 
roof. The result is obvious for k = 3. For k :p 3, one uses induction on k. By 
Theorem 3.1, 
S(2k - 2, k) 3 Min (S(2k - 3, k - 1); 1 + S(2k -4, k - 1); (4k -4)/n). 
By Lc:mma 2.2 and the induction hypothesis, 
S(2k-3.k-l)~l+S(2k-4,k-l)~~; 
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@-(1,2,3): (L4.5): (1,6,7): (%,4A): (3,5,7)): 
belonga to #V, 4), hence NY. 4)~ 5, For k = 5, let H+X, FR) with X = 
7 c., t , ,9) and 
g = {( 1, 2.3); (4,5,6): (7, 88 9): ( 1,4,7): (2, $I 8); (3,6,9)}: 
belong6 to 3tY9.5). hence S(% 5) - 6, Then, we use induction orn k: if 
k =2u-2, ~24~ or k =2u-1, ua4, Theorem 4,l implies 
S(4~-5,2u--2)G(2u- 1, u)+S(2u-3, u), 
S(4u--3,2~-1)~S(2~-1,~)+S~2~-1,~+1). 
By Theorem 5.1 and the induction hypothesis, in the first case 
S(2k-1, k)<u+l+u-2-z k+l, 
in the second case 
S(2k-1,k)~u+l+u--l-k+l. Cl 
The results above have the following generalization, where f(r) is some function 
of t only. 
Theorem 5.4. S(2k + t, k) s k +f(t), for t M. 
roof. By Theorebn 4.1, 
s(2k+t,k)cS(k+f-l,;k)+S(k+W+(;k)) 
if k is even, Then, the result follows by induction on f and by Theorem 5.2. If k is 
odd, 
S(2k+t,k)~S(k+t-l,(k+1)/2)+S(k+2,(k+3)/2) 
and the result follows by induction on t and Theorem 5.3, u 
Finally. the results for n s 12 and k 6 7 are gathered in the following table, 
Pocoaf. P;trt of the table is filled by using Theorems 1.1 and 5.1 to $3 By 
Thcorcm 3.1, S(H, 4) 3 7, S(9), 4)39, S;( YO, 4) a 1 I, S( ii, 4) 15 and 5X12,4)3 
IO. Then, SOI, 4) cannot he equal to 7: there would exist, in c? 3-graph M realizing 
this vuluc, a vertex x of degree 2, and K(x) (having exactly 5 edges) would belong 
to WIS, 3). Such a K(x) is unique up to isamarphism, Then, the different possible 
struclurcs of I-I CNI bc found with SOIIIC patience: none of them is suita\de, Hence 
So(. 413 H(. S( 12.4) cannot be cyual to 16, this follows again from Lemma 2.1 
wd Theorem 3, I * a smallest J-graph in %( 12.4) would be regular of degree 4, 
but Klx) would helong to Z’(7.3) :md would have minimal degree Cc, a cantradic- 
t ion, 
By Thcorcm 3. I , s(lo,s)~77, S(l l,S)z IO, S(12.5)~ II, S(12,~)~~. By 
‘l’hcorcm 3. : with p =4 and ,q = 3, S( 10, S)CH S(H,il)e+ aatci S( 12,6)eI). 
Finally, tf IC J-graphs 
H = m,, ix, x -f- 1, x + 3) 1 x E Z,,)) 
hckq to Ye( ft, 4) for f~ = 0 and to X( II, 5) for n = I I and 12. This can be checked 
WH t some paticncc and minor tiGW Hcncc S(c), 4)~9, S(ii.5)~ ii, and 
S(l2.5)~ 12. El 
